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ABSTRACT The direct minimization of the free energy is used to calculate the phase diagrams for microphase 
separation transition in two polyelectrolyte systems: (i) a mixture of weakly charged polyelectrolyte/neutral 
polymer; (ii) a poor solvent solution of weakly charged polyelectmlyte. The redbobtainedarevalid throughout 
the phase diagram, and the use of the ‘weak segregation” or ‘strong segregation” assumptions, which are 
common in the theory of block copolymers, is avoided. Only the microphase separation of lamellar type is 
considered. The final phase diagrams exhibit widemacroscopic phase separation regions, which is their main 
difference from the corresponding phase diagrams for block copolymer syetema The formation of microdomains 
is coupled with macroscopic phase separation: in most of the cases microdomain structure is formed in one 
of the coexisting phases after macroscopic phase separation takes place. 

1. Introduction 
The formation of microdomain structures (or mi- 

crophase separation transition) is well-known for the melts 
and solutions of block  copolymer^.^^ Recently, it has been 
discovered that this phenomenon has a much more general 
significance in polymer physics: microphase separation 
transition was studied for random copolymers,’3-9 inter- 
penetrating polymer networks,lOJl systems containing 
weakly charged polyelectro1ytes,lsm ionomers,2l and 
polymer mixtures with nonlocal entropy of mixing.22 In 
all these examples microdomain structures appear as a 
result of the interplay of the trend toward segregation on 
the microscopic scale due to the energetic repulsion 
between the components and the stabilizing factor on a 
somewhat larger scale which prevents the macroscopic 
phase separation. 

From this point of view one of the most interesting 
examples is microphase separation in polyelectrolyte 
systems. It was first predicted in refs 12 and 13 for 
solutions of weakly charged polyelectrolytes in solvents 
which are poor with respect to the interactions of 
uncharged monomer units. Later this problem was also 
considered in ref 14. Simultaneously another example of 
polyeledrolyte systems exhibiting the microphase separa- 
tion transikion was found mixtures of weakly charged 
polyelectrolytes with neutral p o l y m e r ~ ~ ~ 1 ~ ~  and mixtures 
of weakly charged polyanionsJweakly charged polyca- 
tions18J7 in polar solvents and for the case of immiscibility 
of uncharged links. 

To be able to detect experimentally the microphase 
separation transition for polyelectrolyte systems, it is 
necessary to have quantitative theoretical predictions for 
the phase diagram and the parameters of corresponding 
microdomain structures. In refs 14-17 only the problem 
of spinodals was addressed; in other words, the conditions 
for stability of a homogeneous mixture (or solution) were 
found. It was indeed shown that for some regions of the 
phase diagram the spinodal decomposition is of microphase 
separation type. 

However, the problem of calculation of the final form 
of the phase diagram (including binodals, not only 
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spin&) and the properties of equilibrium microdomains 
was not considered in refs 14-17. The f i t  attempt to 
study this problem for the mixture of weakly charged and 
neutral polymers was made in ref 18, where the phase 
diagram and the final equilibrium microdomain structure 
were determined within the framework of the so-called 
“weak segregation approximation”. This approximation 
was originally introduced by Leiblel.3 for the Corresponding 
block copolymer problem and further developed by 
Fredrickson and Helfanda (where so-called Brazovsky 
fluctuation corrections24 were taken into account). It is 
based on the expansion of the free energy in the powers 
of deviation of the concentration of monomer units from 
the homogeneous one. Thus, it is valid only near the 
critical point of the phase diagram. 

Some calculations in the weak segregation approxima- 
tion for the poor solvent polyelectrolyte solutions were 
made in refs 12 and 13; however, neither f i i  diagrams 
nor the parameters of the microdomains were determined. 
This was done only recent1y.m 

However, the problem of calculation of the full form of 
the phase diagram (not only near the critical point) was 
up to now an open question. Far from the critical point 
the microdomains are well-formed and the interphases 
between them are narrow. The expansion of the type wed 
by Leibler does not work in this situation. The theoretical 
methods to describe this “strong segregation limit” were 
developed for block copolymers in refs 2, 5, 25, and 26. 
However, there were no attempts to apply these methods 
for polyelectrolyte systems. 

The aim of the present work is to calculate the phase 
diagrams and the final microdomain structures for the 
following two polyelectrolyte systems exhibiting mi- 
crophase separation: (1) mixture of weakly charged and 
neutral macromolecules and (2) poor solvent solution of 
weakly charged polyelectrolytes. In fact, the results for 
the latter system follow from the results for the former 
system if one formally assumes that the number of 
monomer units in neutral B chains is equal to 1: NB = 1 
and that the Kuhn segment of B chains is zero: Ig = 0. 
Therefore, below we will start with the former case and 
discuss the method of calculation for this example, while 
the results will be presented for both cases. 
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The specific feature of the calculations of the present 
paper is that they involve the direct minimization of the 
expression for the free energy, without the use of additional 
assumptions, such as the weak segregation approximation 
or the strong segregation approximation. Thus, the results 
obtained are valid throughout the range of possible values 
of the parameters: both near the critical point2I and far 
from it. The possibility of obtaining the phase diagram 
by direct minimization of the free energy does not exist 
for block copolymers because there is no closed expression 
for the free energy analogous to eq 1 (see below): the 
statistics of the chains is violated both by the nonhomo- 
geneous distribution of monomer units and by the presence 
of the junction points between A and B blocks. The latter 
factor is absent in the present case; therefore, the 
expression for the free energy is relatively simple. Thus, 
in addition to the general interest in the microphase 
separation in polyelectrolyte systems (which is induced, 
in particular, by the recent experimental observations29-31), 
calculations of the present work are interesting from the 
methodic point of view, giving the example of the phase 
diagram with the microphase separation transition which 
can be determined by direct minimization of free energy. 

The calculations of this paper are made in the self- 
consistent-field approximation; i.e., fluctuation corrections 
of the Brazovsky type24 are neglected. For the case of the 
mixture of weakly charged and neutral chains, the 
fluctuation theory was developed in ref 18. It was shown 
that accounting for fluctuation effects changes somewhat 
the phase diagram near the critical point. However, in 
other regions of the phase diagram the fluctuation effects 
are not essential, and anyway the self-consistent-field 
consideration is the first step to a more exact theory. 

Further consideration of this paper is organized as 
follows. In section 2 a qualitative discussion of the 
microphase separation transition in polyelectrolyte mix- 
tures is given. Section 3 deals with the expression for the 
free energy of a mixture of weakly charged and neutral 
chains. The results for the phase diagrams of this system 
are described in section 4, while the results for the poor 
solvent solutions of weakly charged polyelectrolytes are 
considered in section 5. Some additional analysis and 
conclusions are given in sections 6 and 7. 

2. Microphase Separation Transition in 
Polyelectrolyte Mixtures: A Qualitative 
Discussion 

The easiest way to explain the existence of equilibrium 
microdomain structures in polyelectrolyte systems is the 
following. Let us consider the mixture of weakly charged 
polycation A and weakly charged polyanion B and let us 
suppose that the number of charges on the positively 
charged and negatively charged species are equal to each 
other. In real systems polyelectrolyte macromolecules are 
always surrounded by counterions. However, for the sake 
of argument let us consider first a hypothetical situation 
that positively and negatively charged counterions are 
removed from the system and only polymer molecules 
(positively and negatively charged) remain in the solution 
(Figure 1). Note that the condition of macroscopic 
electroneutrality of the polymer mixture remains valid, 
since we assume that the numbers of positive and negative 
charges on the macroions are equal. Suppose that the 
uncharged links of the chains A and B strongly repel each 
other. This gives the tendency toward phase separation 
of the mixture. However, as there are no low molecular 
ions in the solvent, macroscopic phase separation of 
components A and B (Figure lb) is impossible, because 
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Figure 1. Phase separation in a polycation Alpolyanion B 
mixture in the case when counterions are removed from the 
solution (a) (e.g., the concentrations of oppositely charged 
counterions are equal to each other and their salt product 
precipitates). Macrophase separation would lead to electrically 
charged macroscopic volumes and hence is prohibited (b). Thus, 
microphase separation (c) is the only possibility at low enough 
temperatures. 

in this case the condition of macroscopic electroneutrality 
would be violated. Therefore, the microdomains should 
be inevitably formed (Figure IC): in this case the number 
of unfavorable A-B contacts is much lower than that in 
the homogeneous state and, on the other hand, charges 
are redistributed only on the microscopic scale. 

For real situations one should take into account the 
presence of counterions. In this case macroscopic phase 
separation of the type shown in Figure l b  is in principle 
possible (see Figure 2b where the analogous situation for 
the mixture of polycation A and neutral polymer B is 
shown). In the course of the separation counterions follow 
the corresponding polymer co-ions and the macroscopic 
electroneutrality is not violated (Figure 2b). However, 
there is another reason responsible for the fact that 
macroscopic phase separation is often thermodynamically 
unfavorable, namely, a significant loss of translational 
entropy of counterions in the macroscopically demixed 
state. 

Indeed, the strong tendency toward segregation in 
polymer mixtures is due to the low values of the entropy 
of mixing, i.e., of translational entropy of polymers: only 
the chain as a whole (not each monomer unit) has the 
freedom of independent translational motion.avS2 Thus, 
even slightly repulsive neutral A and B polymer species 
would separate from each other almost completely (Figure 
2a). 

The situation changes for the case of polyelectrolyte 
chains. Now each counterion moves independently, and 
there may be many counterions per chain (cf. parts a and 
b of Figure 2); therefore, the entropy of mixing increases 
considerably. Due to great osmotic pressure of the 
counterions, practically complete phase separation of the 
type shown in Figure 2b is unfavorable. Thus, polymer 
A would like to redistribute in space to allow its counterions 
to occupy the space more homogeneously. One of the 
possibilities is to increase the concentration of A chains 
in the B-rich region (cf. parts b and c of Figure 2): this 
diminishes the counterion concentration jump at  the 
interphase boundary. The final point along this way is 
complete miscibility of A and B components.16J6*~ The 
other possibility is to form a microscopically separated 
structure with A and B species alternately distributed in 
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interaction. Depending on temperature and the value of 
the Flory-Huggins parameter of the interaction of the 
components, x ,  either negative or positive input dominates. 
Corresponding calculations are presented in the appendix. 
For the case of sharp interdomain borders (if the width 
of electrical double layer is much larger than the ordinary 
interphase width - (bl /x) l /z ,  where b is a microscopic size 
of a monomer unit and 1 is the Kuhn segment length) the 
entropic input into the surface free energy depends only 
on the levels of concentrations of counterions far from the 
A/B interphase (see eq A19 in the appendix), whereas 
energetic input is determined by the usual expression 
( - ( ~ l ) ~ / ~ / b ~ / ~ ;  eq A2). That means that in some inter- 
mediate region of the values of x the entropic part can 
dominate and the total surface energy can be negative. As 
a consequence, the system changes its structure to increase 
the total area of interdomain boundaries, i.e., to form 
microdomain structures (Figure 2d). This process ter- 
minates only when the size of the domain is so small that 
neighboring interphases begin to "feel" each other (i.e., 
when corresponding electrical double layers begin to 
interfere). 

Thus, we should compare three possibilities for weakly 
charged polyelectrolyte mixtures: homogeneous phase, 
macroscopic phase separation, and microdomain structure. 
The homogeneous phase corresponds to a rather high free 
energy due to the large number of direct A-B contacts. 
The macroscopically demixed situation shown in Figure 
2c also can be unfavorable because of the counterion 
entropy reasons explained above. Therefore, the predic- 
tion of refs 15 and 16 that sometimes microdomain 
structure corresponds to the absolute minimum of the 
free energy is not surprising. (Note that the possibility 
of the existence of the microphase separation transition 
for a mixture of oppositely charged polyelectrolytes in the 
presence of counterions16J7 and for the poor solvent 
polyelectrolyte  solution^^^-^^ can be explained exactly in 
the same manner as above.) 

It is worthwhile to note from the very beginning that in 
the microdomain structure not only are the concentrations 
of different monomer units and counterions changing 
periodically in space but the spatial charge density is as 
well. Therefore, to describe microphases in polyelectrolyte 
systems, it is essential to take into account electrostatic 
interactions. Thus, it is possible to conclude that the 
microphase separation in polyelectrolyte systems is caused 
by the interplay between three main factors: non- 
Coulombic repulsion of monomer units (or monomer/ 
solvent repulsion) leading to immiscibility in the absence 
of charges, translational entropy of small counterions 
enhancing miscibility, and electrostatic interactions be- 
tween charged microdomains. 

3. Free Energy of the Mixture of Weakly Charged 
and Neutral Chains 

Let us consider a mixture of a weakly charged polymer 
A, neutral polymer B, and low molecular solvent S. The 
presence of the polar solvent is essential to ensure the 
high polarity of the medium; only in this case are the 
counterions really mobile and do not form ion pairs (cf. 
refs 15 and 16; it is to be reminded that the whole effect 
of the microphase separation transition is due to the 
translational entropy of counterions; see above). 

In addition to the components A, B, and S, the small 
ions are present in the system including the counterions 
which appear as a result of the dissociation of charged 
groups on the chains A and ions of low molecular weight 
salt. Charged species interact by means of Coulombic 

X X 

cc ) cd, 
Figure 2. Phase separation in neutral polymers AJB mixture 
(a) and inpolycationA/neutral polymer B mixture (W). Osmotic 
pressure of the counterions makes complete separation (b) 
unfavorable. Thus, only either separation into the phases 
partially enriched by counterpart polymers (c) or microphase 
separation (d) is possible. Concentration profiles of counterions 
R(X) are shown for the two alternative ways of separation in 
polyelectrolyte/neutral polymer mixture (c and d); the dotted 
line in c demonstrates redistribution of the counterions cor- 
responding to an electrical double layer at the interphase 
boundary. 

space (Figure 2d). In the latter case the concentration 
profile of counterions n(x)  is more homogeneous, and the 
A-B contacts take place mainly at the domain boundaries. 
On the other hand, the total number of interphases is 
larger (cf, parts c and d of Figure 2). 

However, it is important to mention that in the case 
under consideration the surface energy between neighbor- 
ing A and B domains may be negative. Indeed, let us 
examine more thoroughly Figure 2c. If we put into contact 
macroscopic domains A and B, we produce additional 
direct A-B contacts and consequently we increase the 
"interaction part" of the free energy of the system. On 
the other hand, A and B domains have different internal 
concentrations of counterions, so at  the point of inter- 
domain contact the redistribution of counterions takes 
place and an electrical double layer is formed (see dotted 
line at  the plot n(x) in Figure 2c); thus, a corresponding 
increase of entropy (or a decrease of the entropy part of 
the free energy) takes place. That means that there are 
two inputs into the surface energy: the negative one from 
counterion entropy and the positive one from A-B 
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interactions, while neutral monomer units and solvent 
molecules interact by the usual van der Waals forces. As 
in refs 15 and 16 we will neglect the self-volume of small 
ions for the sake of simplicity; we will assume that these 
small ions interact with the liiks of polymer chains and 
solvent molecules only via Coulombic interactions (no 
energy of interaction of some other type) and that the 
dissociation of the charged links is complete. 

To calculate the phase diagram of this system including 
the possibility of microphase separation, it is necessary to 
write down its free energy 3 for an inhomogeneous state 
in which concentrations of all the Components depend on 
spatial coordinates. In the framework of the lattice Flory- 
Huggins model in the self-consistent-field approximation, 
the expression for 3 can be written in the following form 
(cf. refs 15 and 16) 

where T is temperature, k g  is Boltzmann’s constant, 
@A@), @ B ( r ) ,  and Os@) are volume fractions of the 
components A, B, and S at point r (we will assume that 
the incompressibility condition 

@ A +  @g + Os 1 (2) 

is valid), u is the volume of elementary lattice site (u = b3, 
where b is the lattice spacing; we are assuming as usual 
in the lattice modeP2 that every A and B monomer unit 
and solvent molecule occupy exactly one lattice site), NA 
and N B  are the numbers of such units in A and B chains, 
I A  and l g  are their Kuhn segment lengths, xag are Flory- 
Huggins interaction parameters between the species a and 
/3 (a,@ = A, B, or S), t is the dielectric constant of the 
medium, ni(r) is the concentration of the small ions of 
type i at the point r, and p(r) is the charge density at  the 
point r: 

(3) 

In eq 3 e is an elementary charge, f A  is the fraction of 
charged monomer units in A chains, and Z i  and ZA are 
valences of the ions of type i and of the charged units of 
A chains, respectively. The integration in eq 1 is performed 
over the volume of the system. 

The first three terms in the integrand of eq 1 represent 
the contribution to the free energy from the translational 
entropies of the species A, B, and S. The next three terms 
describe the energy of nonelectrostatic interaction of the 
Components. The terms with gradients represent a specific 
polymer contribution to the free energy which is connected 
with entropy loss due to the inhomogeneous concentration 
profiles of polymer components (Lifshitz entropy; see refs 
34 and 35). The second integral in eq 1 is due to the 
translational entropies of small ions, while the third 
integral describes the free energy of Coulombic interac- 
tions. 

The free energy can be written in the form (1) if several 
assumptions are fulfilled 
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(i) The self-consistent-field approximation is adopted; 
i.e., fluctuation effects are omitted. 

(ii) The Lifshitz entropy terms can be written as in eq 
1 if the characteristic scale of inhomogeneities in the system 
is much larger than b and much smaller than bNA1I2 and 
bNg1I2, The latter condition is violated in the close vicinity 
of the critical point. For this case a slightly more 
complicated expression for the entropy losses due to the 
inhomogeneous distribution of components (namely, De- 
bye formula) should be used.%% This makes the calcula- 
tions more bulky; on the other hand, only slight changes 
of the phase diagram in the limited region very close to 
the critical point are expected as a final result. Therefore, 
we will not introduce this complication in the present work. 

(iii) The electrostatic contribution can be written as the 
last term of eq 1 if e2/ckTm << 1,16 where m is the Debye- 
Huckel screening radius due to small counterions, and if 
e2/ekT << b/fA1/2.12 

Below we will assume that the conditions i-iii are 
fulfilled. 

The functional (1) determines completely the thermo- 
dynamic behavior of the system under consideration. For 
example, for a given composition of components (i.e., for 
given values of (@A), (OB), (Os), and (ni) ,  where 

V is the volume of the system), it is possible to minimize 
the expression (1) with respect to all possible functions 
Oa(r) and ni(r) and to find the free energywith accounting 
for possible inhomogeneities. This will give the full phase 
diagram. 

It should be emphasized once more that the possibility 
of obtaining the full phase diagram by direct minimization 
of the free energy is due to the rather compact expression 
(1) for the free energy in the case of polyelectrolyte systems. 
For example, for block copolymers such a compact 
expression does not exist (see above), and therefore direct 
minimization was never used to determine the phase dia- 
gram: all theoretical approaches are connected either with 
weak segregation or strong segregation approximations. 

However, even for the expression (1) the corresponding 
calculations involving the direct minimization of the free 
energy appear to be rather bulky. Therefore, it is necessary 
to introduce some simplifications. As in the paper,18where 
the weak segregation approximation was used, we will 
perform the calculations for a simplified system which 
involves only two components: polymer A and polymer 
B; i.e., the third (solvent) component is absent. In the 
beginning of this section we pointed out that the presence 
of polar solvent component S is essential for the existence 
of mobile counterions. However, we wil l  assume in further 
calculations that Os = 0, and, on the other hand, coun- 
terions are mobile and do not form ion pairs. The 
justification for this approximation follows from the results 
of ref 16 where it was shown that the presence of some 
finite fraction of passive polar solvent does not effect the 
qualitative form of the spinodals of the phase diagram. In 
most cases the presence of such a polar solvent can be 
taken into account by simple renormalization of the 
parameters of the problem.16 In addition to this, the results 
for the second system which we are studying in the present 
work, i.e., for poor solvent weakly charged polyelectrolyte 
solutions (section 51, can be directly obtained from the 
results for a two-component A + B system in the limit 
Ng = 1, lg E 0. 
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For the two-component system let us denote @A@) -= 
@(r), f~ f ,  XAB E x; hence, @B(r) E 1 - @(r). Also we will 
assume that the system is salt-free, i.e., counterions are 
the only small ions in the system (the concentration of 
counterions to be denoted as nj(r) = n(r)lu, n(r) is a 
dimensionless concentration analogous to volume fraction), 
and that the valency of all charges is equal to unity ( Z A  = 
-zi 1, and so the average counterion concentration (n) 
= f ( @ ) ) .  Then the functional (1) can be written in the 
following form, taking into account eq 3: 
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where u(r) is the dimensionless potential of the electro- 
static field in the microdomain structure connected with 
the usual potential cp: ecplkBT = u, which is determined by 
the Poisson equation: 

4a -Acp = -p(r) or -b2Au(r) = T[f@(r) - n(r)l (6) 
E 

where 

(7) 

is a characteristic dimensionless parameter associated with 
electrostatic interactions. Finally, the distribution of 
counterions n(r) is connected with u(r) by means of 
Boltzmann’s law: 

n(r) = no exp(u(r)) (8) 

where is the counterion concentration at the point for 
which u(r) = 0. 

Equations 5-8 completely define the free energy of the 
polymer mixture. The equilibrium structure is given by 
the functions @(r), n(r), and u(r) which are connected by 
eqs 6 and 8 and which minimize the free energy (5 )  for a 
given average fraction of A units (@) and for the 
corresponding value of (n) = f (@) .  The results of the 
calculations are presented below. 

4. Symmetric Mixture of Weakly Charged and 
Neutral Macromolecules 

As long as we have a complete system of eqs 5-8 which 
determine the thermodynamic function of the polymer 
system under consideration, we can find the equilibrium 
structure and equilibrium free energy for any given volume 
fraction ( a). Hence, we can plot a complete phase diagram 
(i.e., binodah) of the system by means of the standard 
techniq~e .S*~~ If in some concentration region the equi- 
librium structure corresponds to inhomogeneous distribu- 
tion of polymers in space, then we have equilibrium 
microdomain separation. 

Equations 5-8 contain seven parameters: 

X ,  7, NA, NB, 1A, 1,, and f (9) 

These parameters control the behavior of the system. Our 
aim is to find the region of stability of the microscopically 
structured phase in the phase diagram of the system and 

H 

0 0.2 0 4  0.6 0.8 1 
<Lp> 

Figure 3. Phase diagram for a polyelectrolyte &neutral polymer 
B mixture calculated in the weak segregation approximation,18 
NA = NB = lOO0,l~ = le = b, f 0.01,~ = 1. The dashed line 
diagram is calculated in the mean-field approximation; capital 
letters indicate the symmetry of the corresponding phases: H, 
homogeneous; L, lamellar; C, cylindrical, S ,  spherical. The solid 
line diagram is calculated in the Brazovsky approximation (with 
fluctuation corrections): the region of existence of the micro- 
domain (lamellar) phase is shaded by inclined lines, phase 
separation regions are shaded by disperse points, and the region 
of homogeneous phase stability is left clear. 

to understand how the parameters (9) control the proper- 
ties of this phase. 

The minimization of the functional (5) over all possible 
distributions @(r) was performed numerically. We start 
in this section from the symmetric case of the flexible 
polymer mixture (NA = NB, ZA = IB = 6 )  and first 
demonstrate our method for the system which was 
investigated in refs 15 and 18: NA = NB = lo3, f = 0.01. 

We will restrict the class of possible functions minimizing 
the functional (5 )  to the one-dimensional case @(r) = @ ( x ) .  
We will consider only lamellar symmetry among all possible 
microphase structures. The reason for this approximation 
is that otherwise the direct minimization calculations 
become too bulky; on the other hand, as was demonstrated 
in ref 18 in the weak segregation approximation only the 
lamellar phase can emerge far from the critical point. In 
the close vicinity of the critical point in the mean-field 
approximation also cylindrical and spherical phases were 
found, but after fluctuation corrections were taken into 
account the region of stability of these phases disappeared 
and only the lamellar phase remained (see Figure 3).’8 
Our numerical procedure of minimization of functional 
(5)-(8) is based on minimization of free energy 9 for 
periodical functions @(XI;  namely, instead of eqs 5-8 we 
write the differential scheme for vectors %(i), n(i), and 
u(i) where i is an integer between zero and K = 50. The 
range 0 I i I K corresponds to one period of the 
microdomain structure. At  a given period of the structure 
X the distance between neighboring points (Ai = 1) for the 
scheme is Ax = AIK, this completely determines the 
differential scheme approximation for eqs 5-8. Having 
fixed the value of period parameter XI b, we minimize the 
function 3 (eq 5) under the conditions (6) and (8) (in their 
differential forms, Le., we have a minimization problem 
in 3K-dimensional space) with fixed mean values: 
CEl@(i) = K(@), CEln(i) = K ( n ) ,  and CKlu(i) = 0. The 
result is either constant profile @(i) = (a) or a profile with 
some modulation. We can change the periodicity XI6 and 
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Figure 4. Equilibrium concentration profiles @(i )  (a) and n(i) (b), profile of effective electrostatic potential u(i) (c), and corresponding 
free energy per unit volume 9u/VkgT dependence on the mean composition of the mixture, (9), for homogeneous and structured 
phases (d) for a symmetric polyelectrolyte &neutral polymer B mixtures: NA = N g  = 1O00, la = l g  = b, f = 0.01, T = 1, x/ f  = 1.2. 
The profdes for various mean volume fractions of polyelectrolyte A, (a), inside the region of stability of the lamellar phase (0.15 < 
(a ) < 0.875) are shown; the values of ( a) are specified in the top right corners of the diagrams (a-c). The interval 0 i i i 50 corresponds 
to one Deriod X of the eauilibrium microstructured phase (see discussion in the text); the equilibrium values of period X for the 
struct&ed phase are s h o k  in Figure 5. 

find the period which corresponds to the profile 0(i) 
minimizing the free energy (5 )  per unit volume. (We used 
special precaution measures to insure that we always have 
only one period of density modulation on the interval 0 
I i I K.) The value of the free energy at  given (0) is used 
for plotting the phase diagram by standard means. 

The typical functions given by the vectors Wi), n(i) ,  
and u(i) corresponding to the equilibrium state are shown 
in Figure 4 for various mean concentrations (0) inside 
the interval of the relative stability of microdomain 
structures. Corresponding dependencies of the peridcity 
A are shown in Figure 5. Outside this interval of stability 
(for very low and for very high (0)) the minimization 
process leads either to a homogeneous profile distribution 
(0(i) - (a)) or to an infinite increase of periodicity (Xlb - a), That means that the homogeneous profile is the 
only stable one at  such concentrations. Finally, Figure 4d 
demonstrates typical free energy concentration depend- 
encies for homogeneous and structured phases. 

The resulting phase diagrams in the variables xlf - (0) 
are shown in Figure 6 for different values of parameter 7 

(T = 1, 3,4). The microdomain phase occupies a rather 
significant part of the diagrams, and it is clear that in 
many cases one of the coexisting phases in the phase- 
separated system is a structured one. The temperature 
region (i.e., the region of the values of x ) ,  where the 
microdomain phase is stable, is limited from both low and 
high temperatures. The high-temperature (low xlf, limit 
is connected either with the critical point (like for T = 1) 
or with the triple point (like for T = 3, 4). The low- 

temperature (high x l f ,  edge of the limit of stability of the 
microdomain phase is always connected with the triplet 
pointegs For T = 5 our calculations show that the region 
of existence of the microdomain phase vanishes. Since 
small values of 7 correspond to large values of t (eq 7), we 
conclude, in accordance with ref 15, that the equilibrium 
microdomain structure can emerge mainly in a polar 
medium (e.g., two immiscible polymers in aqueous solu- 
tions). 

In Figure 6 the range of values of the reduced period of 
microdomain structures, Xlb, is also shown. At every given 
value of the parameter xlf  the periodicity Xlb can vary in 
a rather wide interval depending on the average concen- 
tration of polyelectrolyte, (0). Indeed, see Figure 5 where 
the corresponding typical plots of b2/X2 vs (0) are shown: 
for e.g., xlf = 3.0 at  low (0) the curve starts from rather 
small values of (b lW2 (Le., from large wavelengths X (the 
first ‘maximum” of A)), then, as (a) increases, the function 
(b/X)2 reaches its maximum at (0) N 0.35 (i.e., X reaches 
its minimum) and then decreases to the values close to 
zero (Le., X goes to very large values again, to its second 
maximum). Figure 6 (right part) shows for each value of 
xlf the minimum microdomain structure period X/b and 
the two maximum ones (the maximum values of A/b 
correspond to minimum and maximum values of ( @ ) for 
the region of stability of microdomain structures, i.e., to 
the (a) values on the coexisting lines of the corresponding 
phase diagrams in the left part of Figure 6). Thus all the 
values of Alb inside the interval between the solid and 
dashed lines in Figure 6 (right part) can be realized in the 
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Figure 5. Concentration dependencies of characteristic period 
X in the equilibrium microstructured phase and at the spinodals 
for a polyelectrolyte Aheutral polymer B mixtures: NA = NB = 
1O00,l~ = 1~ = b, f = 0.01,~ = 1. The spinodal period X for given 
( CP) is the one corresponding to the critical wave vector, for which 
a homogeneous mixture first becomes unstable with respect to 
microphase separation (as immiscibility parameter x increases). 
The spinodal period X was calculated in accordance with refs 15 
and 16. Equilibrium periods are obtained using a numerical 
minimization procedure with given (( @), x/ f i  (see the text); the 
values of x/f are specified in the top right corner of the diagram; 
e.g., the value df = 1.2 (marked with an arrow) corresponds to 
the diagrams of Figure 4. (Actually, some of these 'equilibrium" 
periods correspond to metastable states; the region of values of 
characteristic period A which correspond to an absolutely stable 
microstructured phase is surrounded by a dashed line (cf. Figure 
6a).) The points at the lower limit (near the abscissa axis) are 
the ones for which the minimization procedure leads to the 
macroscopic phase separation limit (X - -1. Parameter K = 50. 

equilibrium microstructured phase for a given value of 
xlb.  

It can be seen from Figure 6 that in most cases period 
X corresponds to several dozens of monomer unit size b; 
for higher values of xlf it can be even larger. The increase 
of period X with an increase of the parameter of im- 
miscibility x (see Figures 5 and 6 (right part)) is rather 
understandable: at  higher values of x the energetic 
(positive) input into the interphase free energy (cf. 
discussion on Figure 2 in section 2 and in the appendix) 
should increase, and this should be compensated by the 
increase of entropic (negative) input; the only way to 
achieve this is to increase X (the less electrical double layers 
interfere, the greater is the entropic gain due to redistri- 
bution of counterions a t  the domains' borders). But a t  X - the entropic negative input into the interphase free 
energy goes to the theoretical limiting value (see the 
appendix), so for rather high values of x the increase of 
the energetic part of the interphase energy cannot be 
compensated by the increase of A. Thus, a t  some high 
value of the x parameter the microstructured phase should 
disappear, as is seen from Figure 6 (left diagrams).3' 

5. Weakly Charged Polyelectrolyte in Poor 
Solvent 

In the previoua section we discwed the properties of 
polyelectrolyte/neutral polymer mixtures. The other 
polyelectrolyte system in which the microphase separation 
is possible is a poor solvent weakly charged polyelectrolyte 
solution.12J3J0 The reason for this is similar to the case 
of a polyelectrolyte/neutral polymer mixture, but a poor 
solvent polyelectrolyte system corresponds in some sense 
to the other limiting case: the binary mixture is highly 
asymmetric (NA >> Ns), and thus the critical point and 
the phase diagram as a whole are shifted toward low 
concentrations of the polymer A. 

t ,  I 
02  O Y  0 6  0 8  i LO 90 (20 I50 

<cp> 318 

0 2  a4 06 0 8  I 60 80 Io0 I20 

(9) 31s 
Figure 6. Phase diagrams (left) and microdomain structure 
period X dependencies (right) for a polyelectrolyte &neutral 
polymer B mixture: NA le = b, f = 0.01, and 
T =  1 (a),3(b),and4(c). Inthephasediagrams(x/f-(.@)) (left): 
regions of existanceof microdomains are shaded by inclined lines, 
phase separation regions are shaded by disperse points, regions 
corresponding to the homogeneoua phase are left white. The 
plots ( x / f  - X/b) (right) show by solid lines the period of 
microphase structure, A, v8 x/f  along the coexisting lines of the 
Corresponding phase diagrams (on the left), and by dashed lines 
the minimum periods Xlb inside the region of stability of 
microdomain phase for given values of xlf. Bold points and 
double bold points are put along the l i e s  to specify the 
corresponding points in the left and in the right parts of the 
diagrams. 

Let us consider the solution of weakly charged poly- 
electrolyte A in low molecular solvent s, which is poor 
with respect to neutral links of polymer A. To analyze 
this system, we can start  again from eqs 1-3, where we 
should put (PB = 0. This leads finally to the free energy 
functional of the same type (5) which should be minimized 
under the conditions (6)-(8). However, the meaning of 
the notation in eqs 5-8 for the case under consideration 
is slightly different. As before, @(r) @A(r)  (volume 
fraction of polyelectrolyte), n(r) 3 uni(r) (effective con- 
centration of counterions of polyelectrolyte A), and f~ = 
f. On the other hand, for the polyelectrolyte/poor solvent 
system we should put NB p 1 and 1~ 0 , l -  @(r) has the 

NB = 1O00, Z A  
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Figure 7. Phase diagrams (left) and microdomain structure 
period X dependencies (right) for a poor solvent solution of a 
weakly charged polyelectrolyte A N A  = 1O00, Ns = 1 , l ~  = b, f 
= 0.01, and T = 1 (a), 4 (b), 10 (c), and 30 (d). Other notations 
are the same as in Figure 6. 

meaning of a&), and x is in fact XM. 
The resulting diagrams of poor solvent weakly charged 

polyelectrolyte solutions are shown in Figure 7. They are 
analogous to diagrams of the polymer/polymer mixture 
(Figure 6). Let us compare these two seta of pictures. The 
characteristic periods X of microdomain structures are on 
the order of several dozens of site length b, as it was for 
polymer/polymer mixture. But the conclusion about the 
dependence of the form of phase diagrams on the value 
of parameter r is much more optimistic. Indeed, as T 

increases, the critical point of the polyelectrolyte solution 

Microdomain Structures in Polyelectrolyte Systems 4227 

diagram shifts slightly toward higher values of x ,  but up 
to rather high values of T (T = 30, Figure 7d) these values 
of x are still lower than those corresponding to critical 
point x F M  of macrophase separation in such polymer 
solution:~2J3 

(for N A  = 1O00, f = 0.01 in accordance with this equation 
w 0.609)) hence, the region of stability of the XT microdomain phase should exist for these cases.15 For 

values higher than T = 30 the difference between the free 
energy per unit volume for the microstructured phase and 
the one for the system separated into two homogeneous 
phases (these two values of the free energy are to be 
compared when one plots the phase diagram) becomes 
very low, almost on the order of numerical errors. Thus 
we stopped the calculations for Figure 7 at the value T = 
30. Actually this value T = 30 is close to theoretical 
limit of the microstructured phase stability (rtheor 
12( (Wf)'I2 + l P ) ,  when near-critical fluctuation would 
destroy ordering and the solution would be separated into 
single collapsed chains A. 

6. Scale Symmetry in the Problem of Structuring 
in Polyelectrolyte Systems 

As was already mentioned above, there are seven 
parameters (9) which determine the problem (5)-(8) and, 
consequently, which affect the curves of the resultingphase 
diagrams (say, Figure 6). Actually, Figure 6 demonstrates 
how much the diagrams are sensitive to the values of the 
parameters x and T. Now let us discuss the other 
parameters in the list (9). 

First of all, we note that under simultaneous renor- 
malization: 

I ,  - vi,; h - y1l2h; T - 717 (11) 

all formulas (5 ) )  (6), and (8) remain unchanged. So the 
properties of the system after such renormalization would 
remain similar to what they were for the initial system. 
E.g., we can expect that the mixture of more rigid polymers 
behaves similar to the corresponding flexible polymer 
system with a higher value of T (in particular, the value 
of r for which the microdomain phase would disappear (T 

5 for the system of Figure 6) is lower) and it has a larger 
period of microstructures (note that Gaussian dimensions 
of the chains (Ra2)  = N,bl, scale proportionally to 
periodicity: (Ra2)/X2 = const). 

The other renormalization with a similar effect is: 

f - f l y ;  x - X I %  1, - 1Jr; 
N ,  - TNa; (n) - (n)17; 7 - 77 (12) 

(here the periodicity X should remain the same). We can 
combine renormalizations (11) and (12), and the result is 

f - f l r ;  x - x ly ;  N ,  - YN,; 
h - y'/2X (13) 

Note that this renormalization keeps constant a total 
electric charge on chains A, fNA, a characteristic energy 
of non-Coulombic interactions per chain, xN,, and the 
ratio (Ra2)lX2. 

(n) - @)IT;  
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Fig- 8. Phase diagrams for polyelectrolyte Aheutrel polymer 
B mixtures: I A  = le = b, f = 0.01, 7 = 3 for various NA and Ne 
(drawn by solid, dashed, and dotted lies). The diagram drawn 
by the solid lines coincides with the left diagram of Figure 6b. 

The renormalizations (11)-(13) reveal how structure 
properties of polyelectrolyte mixtures depend on the 
rigidity of the chains (11) and on the charge density of the 
chains A ((12) and (13)). Figure 8 illustrates the depen- 
dence on the numbers of links in polymer chains, NA and 
NB. The effect is rather weak (we obtained similar results 
also for X/b(  (4)) dependencies). This fact proves again 
that structure properties of polyelectrolyte systems are 
mainly due to the entropy of counterions and electrostatic 
interactions and not to the translational entropy of the 
chains themselves (cf. the discussion in section 2). 

7. Conclusions 

In the present paper we have calculated the phase 
diagrams for the microphase separation transition for two 
polyelectrolyte systems: mixture of weakly charged poly- 
electrolyte/neutral polymer and a poor solvent solution of 
a weakly charged polyelectrolyte. 

From the methodic point of view this calculation is 
interesting, because it involves the direct minimization of 
the expression for the free energy. Therefore, the as- 
sumptions known in the theory of the microphase separa- 
tion transition in block copolymers, such as the strong 
segregation approximation or the weak segregation ap- 
proximation are not used in the present approach. The 
direct minimization of the free energy became possible 
because of the existence of a relatively simple closed 
expression for the free energy (eq 1) for the case under 
consideration. For block copolymers an analogous simple 
expression cannot be derived. 

The resulta obtained by a direct minimization method 
are valid in all the regions of the phase diagram, both near 
the critical point and far from it. However, the calculations 
are rather bulky; therefore, we limit ourselves in the present 
paper to the consideration of only a lamellar microdomain 
structure. The justification for this is that in a weak 
segregation approximation only the lamellar phase emerges 
for a polyelectrolyte/neutral polymer mixture (see Figure 
3). 

The final phase diagrams presented in Figure 6 (for a 
polyelectrolytdneutral polymer mixture) and Figure 7 (for 
poor solvent polyelectrolyte solutions) give the strategy 
for experimental search for the microdomain structures 
in polyelectrolyte systems. In the region “below” the 
critical point on the x - ip diagram the system is always 
homogeneous; there is no microphase separation. The 
trend to the formation of microdomain structures should 
be manifested only in the increase of the elastic scattering 
peak at  some finite wavevector q = 2*/X (as was indeed 
observed experimentally in refs 29-31). 

The true microdomain structure can be formed only in 
the region “above” the critical point on the x - @ diagram. 
If the microphase separation transition is induced by 
temperature changes (Le., by the changes of x), in most 
of the cases it occurs as follows (see Figures 6 and 7): 
macroscopic phase separation takes place, and one of the 
coexisting phases appears to have a microdomain structure. 
Therefore, the microphase separation transition is ac- 
companied by the macroscopic phase separation; thus, it 
is a strong first-order phase transition. 

Contrary to monodisperse block copolymer systems, for 
the case under consideration the macroscopic phase 
separation is in principle possible. This results in a phase 
diagram with wide regions corresponding to macroscopic 
phase separation. Coupling of macro- and microphase 
separation is thus one of the main characteristic features 
of the calculated phase diagrams for polyelectrolyte 
systems. 

The general conclusion for experimental studies which 
follows from the present paper is that it is of fundamental 
importance to study macrophase equilibria in poor solvent 
polyelectrolyte solutions and polyelectrolyte mixtures. The 
check for the existence of microdomains should be 
performed for the phases coexisting in equilibrium after 
macroscopic phase separation takes place. According to 
the theory presented above, there is a good chance that 
one of the coexisting phases will exhibit microdomain 
structures. The experimental verification of this main 
conclusion would be very interesting. 
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Appendix A. Interfacial Energy in the Strong 
Segregation Limit 

We consider the interfacial energy between the charged 
polymer and the neutral polymer (or neutral solvent) in 
the strong segregation limit. We assume that the inter- 
facial thickness ( ~ ( b Z / x ) l / ~ ,  where 1 = ZA = Ig) is much 
smaller than the characteristic length of the spatial 
variation of a dimensionless concentration of counterions 
n(x) and assume that polyelectrolyte concentration @ ( x )  
is given by 

0 x < o  
1 x > o  + ( x )  = 

The interfacial energy y of such a system consists of two 
parts. One is the interfacial energy associated with a@); 
it is expressed by the first four terms in the integrand of 
eq 5. This is the interfacial energy for the uncharged 
system; it is given by 

The other contribution to the interfacial energy arises from 
the dissociated ions and is given by the last two terms in 
the integrand of eq 5. 
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Jmtix (n In n + -uq 1 - n) - n+ In n+ - ;u+q - n+) ) ]  2 
(A3) 

where n+, u+ (and n-, u-) are the values of n(x) and u(x) 
in the limit of x - 00 (and x - -a), respectively. The 
values of n+ and n- are determined by the charge neutrality 
condition in the bulk phase: 

n-=O n + = f < l  (A4) 

If n(x) changes discontinuously from n- to n+ at  the 
interface, the charge density is zero throughout the system, 
so that yjodc is equal to zero. In reality, n(x) changes 
smoothly at the interface. Since the actual form of n(x) 
is determined by the condition that Yionic be minimum, 
Yionic of the actual system is always negative. Thus if the 
effect of the dissociated ions is strong, the interfacial energy 
can be negative. 

We shall now calculate yionic explicitly. Without loss of 
generality, we may set u+ equal to zero and write n(x) as 

n(x) = f exp(u(x)) (A51 

(see eqs 8 and A4). Thus, the Poisson equation (6) to be 
solved is 

for x < 0 
dx2 b 

Equation A6 can be integrated as 

where we have used the condition that, as x goes to -00, 
both duldx and feu = n(x) must approach zero. From eqs 
A5 and A8, we have 

Thus 

where 

K- = (rnd2b2)'I2 (Al l )  

and nb is the value of n(x) at  x = 0. 
Equation A7 is integrated to give 

27 (duldxI2 = T f ( e '  - u - 1) 
b 

for x > 0 (A12) 

(both duldx and u go to zero as x - +=I. Comparing eq 
A8 with eq A12 and using the continuity of u and duldx 
at x = 0, we have 

u(x=O) = -1 (A131 
Therefore, from eqs A5 and A13, we have 

Equation A12 can be integrated as 

To proceed the calculation further, we introduce an 
approximation. Since u(x) is bounded by u(x=O) = -1 
and u ( x = m )  = 0, its magnitude is always less than 1 for 
x > 0. Thus we may put exp(u) = 1 + u + ( 1 1 2 ) ~ ~ .  In 
this approximation, eq A15 gives 

and 

n(x) = f exp(-exp(-K+x)) for x > 0 (A17) 

where 

K+ = (rf/b2)'l2 = ~-(2e) ' /~  ( A W  

Using eqs A10 and A17, we can carry out the integral in 
eq A3. The result is 

where 

Clearly, yionic is negative, and its magnitude increases with 
an increase off. Notice that ?ionic is written as 

where K N K- N K+ is the Debye screening coefficient. 
Thus, the total surface energy between neighboring 

domains occupied by polyelectrolyte and by neutral 
polymer (or by solvent) for the concentration profile (Al) 
in strong segregation limit is 

(see eqs A2 and A19). 
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